IMMERSIONS OF NON-ORIENTABLE SURFACES 



TAHL NOWIK 

Abstract. Let F be a closed non-orientable surface. We classify all finite order invariants 
of immersions of F into R 3 , with values in any Abelian group. We show they are all 
functions of the universal order 1 invariant that we construct as T © P © Q where T is a Z 
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valued invariant reflecting the number of triple points of the immersion, and P, Q are Z/2 
valued invariants characterized by the property that for any regularly homotopic immersions 
i,j:F—> R 3 , P(i) - P(j) G Z/2 (respectively Q(i) - Q(j) 6 Z/2) is the number mod 2 of 
tangency points (respectively quadruple points) occurring in any generic regular homotopy 
between i and j. 

For immersion i : F — * R 3 and diffeomorphism h : F — > F such that i and i o h are 
regularly homotopic we show: 
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P(i oh) - P(i) = Q(i oh)- Q(i) = rank(/i» - Id) + e(det ft**) mod 2 
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where h* is the map induced by h on H\(F; Z/2), h** is the map induced by h on HAF; Q), 
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Finite order invariants of immersions of a closed surface into M. 3 have been defined in [N3] , 
j> ! and the case of orientable surfaces has been studied in [N2],[N3],[N4],[N5]. In the present 

•i-H , 

work we establish all analogous results for the non-orientable case. We classify all finite order 
invariants. For each n we construct a universal order n invariant, and for any n > 1 it is 



1. Introduction 



constructed as an explicit function of the universal order 1 invariant. The universal order 1 
invariant is given by T®P®Q where T is a Z valued invariant reflecting the number of triple 
points of the immersion, and P,Q are Z/2 valued invariants characterized by the property 
that for any regularly homotopic immersions i,j:F^> M 3 , P(i) — P(j) G Z/2 (respectively 
Q(i) — Q(j) E Z/2) is the number mod 2 of tangency points (respectively quadruple points) 
occurring in any generic regular homotopy between % and j. We give an explicit formula for 
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P(ioh) —P{i) and Q{ioh) —Q{i) for any diffeomorphism h : F — > F such that « and ioh are 
regularly homotopic. This requires the study of the quadratic form induced on H\(F; Z/2) 
by an immersion % : F — > M 3 , where in the case of non-orient able surfaces we name it an 
H-foim, rather than quadratic form, to emphasize its distinct character. In order to obtain 
the stated formulae for P, Q, we study the group of diffeomorphisms of F which preserves 
the induced 7i-form. 

The extension of the classification of finite order invariants from the orientable to the 
non-orientable case (Section 2) is rather straight forward, whereas the study of the group of 
diffeomorphisms preserving an H-form (Section 3), and the formula for the invariants P,Q 
(Section 4), will require substantially new analysis. 

2. Finite order invariants 

Let F be a closed non-orientable surface. Imm(F, M 3 ) denotes the space of all immersions 
of F into M 3 , with the C 1 topology. A CE point of an immersion i : F — > 1R 3 is a point 
of self intersection of % for which the local stratum in Imm(F, M 3 ) corresponding to the 
self intersection, has codimension one. For F non-orientable we distinguish four types of 
CEs which we name E, H, T, Q. In the notation of [HK] they are respectively Aq|A+, t4q|A^, 
Aq|^4i, Aq. The four types may be demonstrated by the following local models, where letting 
A vary, we obtain a 1-parameter family of immersions which is transverse to the given codim 
1 stratum, intersecting it at A = 0. 

E: z — 0, z = x 2 + y 2 + A. See Figure 3, ignoring the vertical plane. 

H: z = 0, z = x 2 — y 2 + A. See Figure 4, ignoring the vertical plane. 

T: z — 0, y — 0, z = y + x 2 + A. See Figure 5, ignoring the vertical plane x — 0. 

Q: z = 0, y — 0, x = 0, z = x + y + A. This is simply four planes passing through 
one point, any three of which are in general position. 

A choice of one of the two sides of the local codim 1 stratum at a given point of the 
stratum, is represented by the choice of A < or A > in the formulae above. We will 
refer to such a choice as a co- orientation for the configuration of the self intersection. For 
types E and T, the configuration of the self intersection at the two sides of the stratum is 
distinct, namely, for A < there is an additional 2-sphere in the image of the immersion, 
and we permanently choose this side (A < 0) as our positive side for the co-orientation. For 
types H and Q, the configuration of the self intersection on the two sides of the strata are 
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indistinguishable, and in fact we will see that the strata in this case are globally one-sided, 
and so no coherent choice of co-orientation is possible. 

We fix a closed non-orientable surface F and a regular homotopy class A of immersions 
of F into IR 3 . We denote by I n C A (n > 0) the space of all immersions in A which have 
precisely n CE points (the self intersection being elsewhere stable). In particular, I is the 
space of all stable immersions in A. 

For an immersion % : F — » IR 3 having a CE located at p G IR 3 , we will now define the 
degree d p (i). This will differ from the definition for orientable surfaces, given in [N3], in two 
ways. First, for nonorientable surface, the degree of a map F — > IR 3 — {p} is defined only 
mod 2. Second, we do not have an orientation which determines into what side of p we must 
push each sheet participating in the CE, in order for the degree to be computed. So for 
non-orientable surface we define d p (i) G {+, — }, as follows: For CE of type E,T we move 
the immersion to the positive side determined by its permanent co-orientation, obtaining an 
immersion i' where a new 2-sphere appears in the image. We define d p (i) G {+, — } to be the 
degree of the map %' : F — > IR 3 — {p'} where p' is any point in the open 3-cell bounded by the 
new 2-sphere, and where + = even and — = odd. For CEs of type H, Q, let V denote the 
region between the sheets of the surface which appears once we move away from the stratum 
(i.e. once A ^ 0). For type Q this is a 3-simplex defined by our four sheets. For type H this 
region is not bounded by the local configuration, but may still be defined, e.g. for A > in 
the formula for H, V will be a region consisting of points close to the origin and satisfying 
< z < x 2 — y 2 + A. We define d p (i) G {+, — } to be the degree of the map i' : F — > IR 3 — {p'} 
where p' is any point in V, and notice that since there is an even number of sheets involved 
in a CE of type H or Q, the definition is independent of the side of the stratum we choose 
to move into, (i.e. whether we choose A > or A < 0). 

We define C p (i) to be the expression R e where R is the symbol describing the configuration 
of the CE of % at p (E, H, T, or Q) and e = d p (i). We define C n to be the set of all un-ordered 
n-tuples of expressions R e with R one of the four symbols and e & {+,—}. So C n is the 
set of un-ordered n-tuples of elements of C\ = {E +) EL, H + , H_,T + , T_, Q + , Q-}. We define 
C : /„ — > C n by C(i) = [C pi (i), . . . , C Pn (i)] G C n where p±, . . . ,p n are the n CE points of i. 
The map C : I n — * C n is easily seen to be surjective. 

A regular homotopy between two immersions in I n is called an AB equivalence if it is 
alternatingly of type A and B, where J t : F — > 1R 3 (0 < t < 1) is of type A if it is of the 
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form J t — U t o % o V t where i : F — > IR 3 is an immersion and U t : IR 3 — > M 3 , V t : F — > F 
are isotopies, and J t : F — > IR 3 (0 < i < 1) is of type B if J G J n and there are little balls 
Bi, ...,B„CI 3 centered at the n CE points of J such that J t fixes U = («/o) _1 (Ua: an d 
moves F — U within ]R 3 - |J fe fife. 

Proposition 2.1. Let i,j G J n , t/ien i and j are AB equivalent iff C(i) = C(j). 

Proof. The proof proceeds as in [N3] Proposition 3.4 except for one step that must be added in 
the present case, of non-orientable surfaces. In the final stage of the proof of [N3] Proposition 
3.4, we have that i'"\r> and j\o are homotopic in M 3 — \J k B k relative dD, (since d Pk (i'") = 
d Pk (j) for all k — 1, . . . , n, where d p denotes the Z valued degrees defined in [N3] for the 
orientable case). In the present case this will not necessarily be true. If / : S 2 — > M 3 — \J k B k 
is the map determined by the pair of maps i"'\D,j\D, then instead of / being null- homotopic 
as in the orientable case, it may only be of even degree with respect to each pi, . . . ,p n . This 
can be remedied as follows: Let h be one of the 1-handles having both ends attached to D-y, 
so Di U h is a Mobius band and the 2-handle D is glued to it twice in the same direction. 
A homotopy of h which traces a sphere in M 3 enclosing just one pi and not the others, will 
change the degree of / with respect to Pi by 2, and leave the degree with respect to all other 
Pfc unchanged. We realize such homotopies by regular homotopies until the new map / has 
degree with respect to each p±, . . . ,p n . 

□ 

Given an immersion % G I n , a temporary co- orientation for % is a choice of co-orientation 
at each of the n CE points pi, . . . ,p n of i. Given a temporary co-orientation X for i and a 
subset A C {p 1: . . . , p n }, we define i%^ G Iq to be the immersion obtained from i by resolving 
all CEs of % at points of A into the positive side with respect to X, and all CEs not in A 
into the negative side. Now let G be any Abelian group and let / : Iq — > G be an invariant, 
i.e. a function which is constant on each connected component of Jo- Given % G I n and a 
temporary co-orientation X for i, f % {i) is defined as follows: 

fa) = E (-ir |A| /(^) 

AC{ Pl ,...,p n } 

where \A\ is the number of elements in A. The statement f (i) = is independent of the 
temporary co-orientation X so we simply write f(i) = 0. An invariant / : Iq — > G is called of 
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finite order if there is an n such that f(i) =0 for all % G I n +i- The minimal such n is called 
the order of /. The group of all invariants on I of order at most n is denoted V n = V n (G). 

Let / G V n . If i G I n has at least one CE of type H or Q and T is a temporary co- 
orientation for i, then 2f % (i) = 0, the proof being the same as in [N3] Proposition 3.5. So in 
this case f % {i) is independent of X. We use this fact to extend any / G V n to /„ by setting 
for any % G I n , f(i) = f (i), where if % includes at least one CE of type H or Q then X is 
arbitrary, and if all CEs of % are of type E and T then the permanent co-orientation is used 
for all CEs of %. We will always assume without mention that any / G V n is extended to I n 
in this way. (If / G V n then we are not extending / to Ik for < k < n). 

We remark at this point that the same argument as explained in [N3] Remark 3.7, showing 
that for orientable surfaces, the strata corresponding to configurations H 1 and Q 2 may 
not be globally co-oriented, will show that the same is true for non-orient able surfaces for 
configurations H and Q. 

For / G V n and i,j G I n , if C(i) = C(j) then f(i) = f(j), the proof being the same as in 
[N3] Proposition 3.8, so any / G V n induces a well defined function u(f) : C n — > G. The map 
/ i— > u(f) induces an injection u : V n /V n ^ 1 — > C* where C* is the group of all functions from 
C n to G. We will find the image of u for all n, by this we classify all finite order invariants. 

Let % G A be an immersion with a self intersection of local codim 2 at p and n — 1 
additional self-intersections of local codim 1 (i.e. CEs) at pi,...,p n _i. We look at a 2- 
parameter family of immersions which moves F only in a neighborhood of p, such that 
the immersion i corresponds to parameters (0, 0) and such that this 2-parameter family is 
transverse to the local codim 2 stratum at i. In this 2-parameter family of immersions 
we look at a loop which encircles the point of intersection with the codim 2 strata, i.e. 
a circle around the origin in the parameter plane. This circle crosses the local codim 1 
strata some r times. Between each two intersections we have an immersion in I n -\ with 
the same n — 1 CEs, at p±, . . . ,p n -i- At each intersection with the local codim 1 strata, 
an nth CE is added, obtaining an immersion in /„. Let i±, . . . ,i r be the r immersions in 
I n so obtained and let e^, k — 1, . . . , r be 1 or — 1 according to whether we are passing the 
nth CE of ik in the direction of its permanent co-orientation, if it has one, and if the CE 
is of type H or Q then is arbitrarily chosen. For / G V n , f(ik) is defined and it is easy 
to see that X^=i e fc/(^fc) = 0- Looking at u : V n /V n -\ — > C* we thus obtain relations that 
must be satisfied by a function in C* in order for it to lie in the image of u. We will now 
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find all relations on C* obtained in this way. The relations on a g e C* will be written as 
relations on the symbols R e , e.g. = T e — TL e will stand for the set of all relations of the 
form = g([T e , R 2e2 , . . . , R nen \) ~ g([T- e , #2 e2 , • • • , RneJ) with arbitrary R 2e2 , . . . , We 
already know that the following two relations hold: = 2H e , = 2Q e (for both e). 

We look at local 2-parameter families of immersions which are transverse to the various 
local codim 2 strata. These may be divided into six types which we name after the types 
of CEs appearing in the 2-parameter family: EH, TT, ET, HT, TQ, QQ. In the notation 
of [HK] they are respectively: A 2 \A 2 , A 3 \A 2 , (A 2 \At)(A ), (A 2 \A^)(A ), (A^A^iAo), A 5 . 
Formula and sketch for local model for such strata, the bifurcation diagrams, and the relations 
obtained, are as follows. A sign ± appears wherever the element is known to be of order 2 
(which is wherever there is no co-orientation). 




Figure 1 . EH configuration 

EH: z = 0, z = y 2 + x 3 + Xxx + \ 2 . 
(1) = E e ±H e 




Figure 2. TT configuration 
TT: z = 0, y = 0, z = y + x 3 + \ lX + A 2 . 
(2) = T e - T_ e 
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Figure 3. ET configuration 
ET: z = 0, x = 0, z = (x - Ai) 2 + y 2 + A 2 . 
(3) = T_ e - T e - E_ e + E e 




Figure 4. HT configuration 
HT: z = 0, x = 0, z = (x - Ai) 2 - y 2 + A 2 . 
(4) = -T e + T_ e ±#_ e ±# e 




Figure 5. TQ configuration 
TQ: z = 0, y = 0, x = 0, z = y + {x - Ai) 2 + A 2 . 

(5) o = ±g e ± g_ e - T e + T_ e 
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Figure 6. QQ configuration 



QQ: Five planes meeting at a point. 



(6) 



= 5(±Q e ) + 5(±Q_ e ) 



For the first five types, the bifurcation diagram and degrees are obtained from the sketch 
and formula in a straight forward manner. The diagram for QQ is obtained as explained in 
[N3]. The degrees appearing in the present QQ diagram require explanation, but we may 
avoid it since from the first five relations it already follows that Q + = Q_ and so since 
2Q e = 0, the last relation does not add to the first five relations, whatever the degrees may 
be. Letting B = {x G G : 2x = 0} the above relations may be summed up as follows: 

• T+ = T_ 

• E + — E- — H + = H- G B 

• Q + = Q^ G B. 

We denote by A n = A„(G) the subgroup of C* of all functions satisfying these relations, so 
the image of u : V n — > C* is contained in A n . 

We define the universal Abelian group Gu by the Abelian group presentation Gjj = 
{t,p,q | 2p = 2q = 0). We define the universal element G A 1 (Gu) by gY(T e ) = t, 
gi(E e ) = gY{H e ) = p, gY{Q e ) = q, so indeed g\ G A^Gu). Then for arbitrary Abelian 
group G we have Ax(G) = Hom(Gu,G) where the isomorphism maps a homomorphism 
4> G Hom(Gu,G) to the function o g\ g Ai(G). We will show that there is an or- 
der 1 invariant : Io — > Gu with u(f¥) = gY- K will follow that for any group G, 
u : Vi/Vq — > Ai(G) is surjective, since if g G Ai(G) and g = o where G Hom{Gu, G) 
then u{4> o fY) = g. 
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We define f± : I — > Gu as follows: Choose a base immersion i G Iq once and for all. 
Then for each i G I take a generic regular homotopy H t : F — > 1R 3 (0 < £ < 1) from i to 
i and define fi(i) = nit + n^y + G Gu where n\ G Z is the number of CEs of type T 
occurring along H t , each counted as ±1 according to the permanent coorientation of T, and 
n 2 G Z/2 (respectively n 3 G Z/2) is the number mod 2 of tangencies (respectively quadruple 
points), occurring in H t . If is well defined, i.e. independent of the choice of H t , then 
clearly u(fi) = g\ . So it remains to show that fi is independent of H t , which is equivalent 
to showing that the value is for any closed regular homotopy, i.e. one that begins and ends 
with the same immersion. 

Now 71"! (.A) = Z/2 ©Z/2. Though this is different from the fundamental group in the 
orientable case (Z/2©Z), the two generators of ni(A) are obtained in the same way, namely, 
the first generator is given by one full rigid rotation of the surface in M 3 , and the second 
generator is obtained by only moving a disc in F using the infinite cyclic generator in 
ni(Imm(S 2 , M 3 )) as shown in [Nl]. So the proof that f± is well defined may proceed exactly 
as in the orientable case, as appears in [N3], once we know that the same invariant is 
well defined for S 2 . But for S 2 , [N3] gives a full classification, and if hats will denote the 
corresponding constructions for orientable surfaces, then this particular invariant for S* 2 is 
obtained from the following g G A^Gu) (note we are taking orientable Ai of non-orientable 
Gu): g{T^) = t, g{E^) = g(H£) = p, g{Q a m ) = q, for all a, m. (See [N3] for definition of the 
symbols R^)- This completes the proof that f± is well defined. The invariant fY is clearly 
a universal order 1 invariant, where universal order n invariant is defined as follows: 

Definition 2.2. A pair (G, /) where G is an Abelian group and / : Io — > G is an order n 
invariant, will be called a universal order n invariant if for any Abelian group G' and any 
order n invariant /' : I — > G' there exists a unique homomorphism ip : G — > G' such that 
f — (fi o f is an invariant of order at most n — 1 . 

We have G v = Zt © (Z/2)p © (Z/2)q and let T, P, Q be the projection of /f into these 
three factors of Gu. We may write an explicit formula for T, namely, T(i) = where 
is the number of triple points in i and c = if x(F) * s even, c = 1 if x(F) * s °dd. Indeed, 
passing a CE of type T in the positive direction with respect to the permanent coorientation 
increases the number of triple point by 2, and the other CE types leave the number of triple 
points unchanged. (This formula may however differ by a constant from the T defined using 
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the given io as base immersion). Note that indeed is an integer, as is shown in [B], and 
may also be deduced using our present considerations. For P, Q we do not have an explicit 
formula for all immersions, however in Section 4 we will give an explicit formula for a certain 
situation. 

We now classify all higher order invariants. We will define E n C A n by two additional 
restrictions on the functions g G A n . Let Y = {T + , H + ,Q + } C C±, then any g G A ra is 
determined by its values on un-ordered n-tuples of elements of Y and so we may state these 
relations in terms of such n-tuples. Given an un-ordered n-tuple z of elements of Y, we 
define rriH + (z) and rriQ + (z) as the number of times that H + and Q + appear in z respectively. 
We define r(z), (the repetition of H + and Q + in z), as 

r(z) = max(0, m H+ (z) — 1) + max(0, rriQ + (z) — 1). 

Definition 2.3. Given an Abelian group G, E n = E n (G) C A n (G) is the subgroup consisting 
of all g G A n (G) satisfying the following two additional restrictions: 

(1) When n > 3, g must satisfy the relation H + H + Q + = H + Q + Q + . By this we mean 
that g([H+, H + , Q + , R 4ei , . . . , R ne J) = g([H+, Q + , Q+, R 4ei , . . . , R ne J) for arbitrary 

-^4e4) • • • ) ^ne„ ^ Y ■ 

(2) For any un-ordered n-tuple z of elements of Y, g(z) G 2 r ^G, i.e. there exists an 
element a G G such that g(z) = 2 r ^a. 

We define algebraic structures K C L C M, where L is a commutative ring, K is a subring 
of L, and M is a module over K. L is defined as the ring of formal power series with integer 
coefficients and variables t,p, q and with relations 

• 2p = 2q = 0. 

• p 2 q = pq 2 . 

Given a monomial /, we define m p (f) and m q (f) as the multiplicity of p and q in / 
respectively. We define r(/), (the repetition of p and g in /), as 

r(/) = max(0, m p (f) - 1) + max(0, m 9 (/) - 1). 

r(/) is preserved under the relations in L and so is well defined on equivalence classes of 
monomials. The equivalence class of a monomial / will be denoted /. Now K C L is defined 
to be the subring of power series including only the variable t. On the other hand we extend 
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L to a larger structure M which will be a module over the subring K, as follows: For each 
/ G L for which / is a monomial with coefficient 1, we adjoin a new element (j satisfying 
the relation 2 r ^\j = f. Now we let K act on M by the natural extension of the action 
t m ■ (j = (-j^rj. We note that the whole of L cannot act on M in this way, since we would 
get contradictions such as = 2p ■ ( p = 2( p 2 = 2 r( * p2 \ p 2 = p 2 ^ 0. In particular, we do not 
have a ring structure on M. For each n > we denote by K n C L n C M n the additive 
subgroups of K C L C M respectively generated by the monomials of degree n (where 
(j G M is considered a monomial of the same degree as /). We note L\ = Mi = Gjj- We 
have Li — K 1 © S where S C Li is the four element subgroup generated by p, g. 

We now define a function : L x — > M as follows: We first define J 7 : — > X as the 
group homomorphism from the additive group K x = {mt : m G Z} = Z to the multiplicative 
group of invertible elements in if, given on the generator t of K\ by 

oo 
n=0 

This is indeed an invertible element, giving J-{—t) = (^Yl^Lo^^j = 1 —t. 
We then define T : S — > M explicitly on the four elements of 5 as follows: 

(1) ^(0) = 1. 

(2) ^) = Er=oC P - 

(3) F(q) = Zn=ot^ 

(4) ^(p + q) = 1 + p + q + Er= 2 (C P " + + C^rr)- 

Finally, : L\ — > M is defined as follows: Any element in L\ is uniquely written as k + s 
with k G i^i, s G S, and we define T{k + s) = J-(k)J-(s) where the product on the right is 
the action of K on M. Let T n : Li — > M n be the projection of into M n . We now state 
our classification theorem for finite order invariants. The proof follows exactly as for the 
corresponding claim for orientable surfaces appearing in [N4]. 

Theorem 2.4. For any closed non- orientable surface F, regular homotopy class A of im- 
mersions of F into 1R 3 and Abelian group G, the image of the injection u : V n /V n -i — > A n is 
E n , and the invariant T n o : 7 - ► ^ a universal order n invariant. 



12 TAHL NOWIK 

3. 7^-FORMS AND AUTOMORPHISMS OF F 

Denote H = (|Z) / (2Z), which is a cyclic group of order 4 (and ?i stands for half integers). 
The group Z/2 = Z/2Z is contained in H as a subgroup. 

Definition 3.1. Let E be a finite dimensional vector space over Z/2. An 7Y-form is a map 
p : E — > satisfying the following two conditions: 

(1) For all x,y <E E: 

g (x + y) = g(x) + #(y) + C(ar, y) 

where C : E x E ^ Z/2 (QTi) is a non-degenerate symmetric bilinear form. 

(2) There is at least one x G E with g{x) £ Z/2 i.e. y(x) = ±|. 

It follows that g(0) = and 2y(x) = C(x,x) showing C(x,x) = 1 iff y(x) = ±| and 
so there is at least one x G E with C(x,x) = 1. One can then show there exists an 
"orthonormal" basis for E 1 , i.e. a basis ei, . . . , e n satisfying C(ej, e^) = 5^. For such basis if 
x = J2 k j=i e ij (! < *i < • • • < h < n) then g(x) = Ylj=i ^ where d { = gfe) = ±\. 

For 7i-form g on E we define 0(E,g) to be the group of all linear maps T : E — > _E 
satisfying g(Tx) = y(x) for all x e E. It follows that C(Tx,Ty) = C(x,y) for all x,y e E 
and that T is invertible. For a e E we define T a : £ — > E to be the map T a (x) = x + C(x, a)a. 
Then T a G 0(E, g) iff (7(a) = 1 or a = 0. For a,b & E we define S a ,b '■ E — > E 1 by: 

S^z) = T a oT 6 oT a+6 . 

One verifies directly that if a, 6 G E satisfy g(a) = g(b) = g(a + b) = (which is equivalent 
to g(a) = g(b) = C(a,b) = 0), then S a:b G 0(E,g). In this case may also be written as: 
S a ,b(x) = x + C(x, b)a + C(x, a)b. 

Theorem 3.2. Let g be an Ti-form on E, then 0(E,g) is generated by the set of elements 
of the following two forms: 

(1) T a for a G E with g(a) = 1. 

(2) S a< b for a,b G E with g(a) = g{b) = g(a + b) = 0. 

Furthermore, if dim E > 9 then the elements of the first form alone generate 0(E,g). 

Proof. Let T G 0(E, g) and let e±, . . . , e n be an orthonormal basis for E. Assuming induc- 
tively, with decreasing k, that T fixes e^+i, . . . , e„, we will compose T with elements of the 



IMMERSIONS OF NON-ORIENTABLE SURFACES 13 

above two forms to obtain a map which additionally fixes efc, eventually fixing all e^ which 
will prove the statement. For x G E define supp(x) to be the set {e^, . . . , ej m } {i\ < • • • < i m ) 
such that x = X]jLi e «i- For % < k and j > k + 1, C(Te i: ej) = C(e i: ej) = 0, and so for 
i < k, supp(Tej) C {e±, . . . , efc}. Denote v = Te k , then g(v) = g(e k ) = ±|. 

Case A: C(v,ek) = 0. Letting a = e k + v we have (7(a) = g(e k ) + g{v) + C(e k ,v) = 1, 
T a o T(e k ) = T a (t> ) = efc, and for i > /c + 1, T a o T(ej) = T a (ej) = e^, so we are done. 

Case B: C(v,ek) = 1. Since supp(f) C {ei, . . . , e^}, if A; = 1 then v — e k and we are 
done, and so we assume k > 2. We first show that supp(f) 7^ {ei, . . . , efc}. Indeed if v — 
ELi^i then C{Te k ^,Zti^) = C{Te k ^,Te k ) = C(e fc _i, e fc ) = 0. Since supp(Te fe _ 1 ) C 
{ei, . . . ,e k } this shows that the number of elements in supp(Tefc„i) is even, which implies 
C(Te k -i,Te k -i) = 0, contradicting C(e k -i,e k -i) = 1. Since C(v,ek) = 1 we know e k G 
supp(f), so say e\ G" supp(f). If g(ei) = g(e k ) then since C{e 1 ,v) = and C(ei,efc) = 0, by 
the argument of Case A, we can map v to t\ and then e\ to e k and we are done. Otherwise, 
say g(v) = \ and g{t\) = —\- Assuming v 7^ e k (otherwise we are done), e k is not the 
only element in supp(i>). The condition g(v) = g(e k ) implies one of three possibilities (after 
relabeling indices): 

(1) k > 4, e 2 ,e 3 G supp(w), g(e 2 ) = \, g(e 3 ) = -\. 

(2) k > 6, e2, e3, e4, e5 G supp(t>) and the value of g on e 2 , e3, e4, es is \. 

(3) A; > 6, e 2 , e3, e4, e5 G supp(t> ) and the value of g on e2, e3, e^, e$ is — |. 

In case 1 define a = e\ + e 2 , b = + e k . In case 2 define a = e± + e 2 ,b = + + + e k . In 
case 3 define a = t\ + e 2 + e 3 + e^, b = e$ + e k . In all three cases g(a) = g{b) = g(a + b) = 
and so S a> b belongs to the set of proposed generators. In all three cases C(v,a) = 1 and 
C(v,b) = and so S a ^(v) = v + b. Furthermore, fixes all ej for j > k + 1, and 
C(i> + 6, efc) = C(v, efc) + C(6, efc) = 1 + 1 = 0. So we can use S a fi to map v to v + b, and 
then by Case A we can map v + b to efc, and we are done. 

We conclude by showing that if n > 9 then the elements T a alone generate 0(E,g). 
Indeed in the proof above we used only maps S a ^ where supp(a) U supp(6) includes at most 
six elements. If n > 9 then for each such pair a, b there are at least three basis elements not in 
supp(a)Usupp(6). In the span of such three basis elements there is an element s with g(s) = 1. 
One verifies directly, by checking on basis elements, that = T s o T s+a o T s+b o T s+a+b . 
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Since g(s) = g(s + a) = g(s + b) = g(s + a + b) = 1 we have indeed expressed the given 
element S at b as a product of four generators of the first form. □ 



Definition 3.3. For T G 0(E,g) let ip(T) = ip E (T) = rank(T - Id) mod 2 G Z/2 
Proposition 3.4. The map ip : 0(E,g) — > Z/2 is a homomorphism. 

Proof. Assume first that dimF > 9. In this case we know 0(E,g) is generated by elements 
of the form T a with g(a) = 1. Let F(T) = G F : Tx = x} = ker(T - Id) then 
rank(T — Id) = codimF(T). We may now use [N2] Lemma 3.1, which is stated in a slightly 
different setting, (of Z/2 valued quadratic forms,) but whose proof applies word by word 
to our setting. The statement of [N2] Lemma 3.1 is as follows: If g(a) = 1 then for any 
T G 0{E, g), codimF(T o T a ) = codimF(T) ± 1. Since codimF(T a ) = 1 and the elements T a 
generate 0(E,g), ip is a homomorphism. 

Assume now dimE < 9 and take some E' with H-ic-im. g' such that dimE + dimE' > 9. 
The function g © g 1 : E ® E' — > H defined by g © g'(x, x') = g(x) + g'(x'), is an 7i-form on 
E@E'. Let u : 0(E, g) -> 0(E@E', g®g') be the embedding given by u(T) = T®Id E '- Since 
rank(T — ld E ) = rank(T © Id E > — \d E@E i) we have i\) E = ipE®E' ° u. Since dim(E © E') > 9, 
ipE^E' is a homomorphism and so ipE is a homomorphism. □ 

Returning to surfaces, let F be a closed non-orient able surface, and let g : Hi(F; Z/2) — > 
be an H-form whose associated bilinear form C (x, y) is the algebraic intersection form x ■ y 
on Hi(F; Z/2). Let A/" = A/"(F) be the group of all diffeomorphisms h : F -> F up to 
isotopy. For h : F F let h* denote the map it induces on H 1 (F;Z/2). The subgroup 
A/" 9 = A/"(F) 9 C A" is defined by N g = {h e U : K G 0{E x {F; Z/2), g)}. 

A simple closed curve will be called a circle. If c is a circle in F, the homology class of c in 
Hi(F; Z/2) will be denoted by [c]. A circle c in F has an annulus neighborhood if [c] • [c] = 
and a Mobius band neighborhood if [c] • [c] = 1. Such circles will be called A-circles and 
M-circles, respectively. Given an A-circle c in F, a Dehn twist along c will be denoted T c . 
The map induced on H^F; Z/2) by T c is T [c] , and so T c G A" 9 iff ^([c]) = 1 or [c] = 0. Also, 
since (T[ c ]) 2 = Id whenever [c] ■ [c] = 0, (T c ) 2 G A/" g for any A-circle c. 

Let P C F be a disc with two holes. Let c, d, e be the three boundary circle of P, then 
[c] + [d] = [ e ]. If g([c\) = g([d}) = (and so ^([e]) = 0) then define S P = T c o T d o T e . The 
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map induced by Sp on Hi(F; Z/2) is S^jd]- Finally, a F-map ft : F — > F as denned in [L] 
induces the identity on Hi(F; Z/2) and so ft G M g . 

Definition 3.5. Let F be a closed non-orientable surface and g an form on Hi(F; Z/2). 
A map h : F F will be called good if it is of one of the following five forms: 

(1) ft — (T c ) 2 for any A-circle c. 

(2) ft — % for an A-circle c with g([c]) = 1 

(3) h = T c for an A-circle c with [c] = 

(4) h = Sp for some disc with two holes PCF with boundary circles c,d,e satisfying 

g([c]) = g([d]) = o(=g([e}). 

(5) ft, is a F-map (defined in [L]). 

A good map will be called of type 1-5 accordingly. 

Whenever we consider two circles in F, we will assume they intersect transversally, | c n d\ 
will then denote the number of intersection points between circles c, d. (And so the algebraic 
intersection [c] • [d] in H 1 (F; Z/2) is the reduction mod 2 of |c fl d\.) 

Theorem 3.6. Let F be a closed non-orientable surface and let Kp = {ft G Af : ft* = Id}. 
Then K F is generated by the good maps of type 1,3,5. 

Proof. Let ci, . . . , c n be a family of disjoint M-circles in F such that cutting F along ci, . . . , c n 
produces a disc with n holes. Then [ci], . . . , [c n ] is an ortho normal basis for Hi(F; Z/2). Now 
let ft G i^i?. We will compose ft with maps of type 1,3,5 until we obtain the identity. Assume 
inductively that ft(cj) = q for alH < k — 1 (not necessarily respecting the orientation of 
Ci). Denote a = ft(cfc), then a is disjoint from ci, . . . , Cfc_i and since [a] ■ [c^] = [c k ] ■ [cf\ = 
for j > k + 1, | a fl Cj| is even for j > /c + 1. We will now perform good maps of type 1, 
which fix ci, . . . , Cfc-i, to map a to a circle disjoint from all Cj, j > k + 1. Assume for some 
j > k + 1, |a fl Cj\ > 0, then since it is even and since Cj is an M-circle, there must be 
two adjacent intersection points along Cj at which a crosses Cj in the same direction with 
respect to an orientation on a neighborhood of the subinterval b C Cj satisfying b fl a = db. 
Now db divides a into two intervals a', a" and since a is an M circle, one of the circles a' Lib 
or a" U 6 is an A-circle. Say c = a' U 6 is an A-circle. Then as shown in [N2] Figure 2, 
|(7^) 2 (a) fl Cj\ = \a fl Cj| — 2. This map fixes ci, . . . , Ck-i and we may repeat this procedure 
until the image of a (which we again name a), is disjoint from all Cj, j ^ k. 
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We will now use good maps of type 5 to map a onto c k . Let M 1; . . . , M k _i, M fc+1 , . . . , M n 
be disjoint Mobius band neighborhoods of ci, . . . , Ck-i, Ck+i, ■ ■ ■ ,c n which are also disjoint 
from Ck and a. Let F be the projective plane obtained from F by collapsing each Mj to a 
point Pi (i — 1, . . . , k — 1, k + 1, . . . , n). In F one can isotope a to coincide with c^. We 
lift this isotopy to F as follows: Every time a is about to pass one of the points pi in F, 
we realize this passage in F by performing a good map of type 5, which drags Mj along a 
circle a' which is close to a and intersects a once, returning Mj to place (while reversing the 
orientation of q). This pushes a to the other side of <9Mj in F and so to the other side of pi 
in F. In this way we bring a to coincide with Ck- 

We continue by induction until h(ci) = q for all 1 < i < n, but when performing the 
procedure involving F-maps with the last circle c n , we choose the isotopy in F to bring h(c n ) 
orientation preservingly onto c n . Since cutting F along c\, . . . ,c n produces an orientable 
surface (a sphere with n holes), then if c n is mapped onto itself orientation preservingly, 
then the same must be true for all q. After some isotopy we obtain that h is the identity on 
all q. 

Let S be the sphere with n holes obtained from F by cutting it along c±, . . . , c n , then h 
induces a diffeomorphism from S to S which is the identity on dS. It is known that any such 
map is a composition of Dehn twists. Since any circle in S separates S, the corresponding 
circle in F will separate F and so these Dehn twists on F are good maps of type 3. 

□ 

Theorem 3.7. Let F be a closed non- orientable surf ace and let g be anH.-form on i?i(F;Z/2). 
ThenMg is generated by the good maps. Furthermore, if dim Hi(F; Z/2) > 9 then good maps 
of type 4 are not needed. 

Proof. For h G Af g we first compose h with good maps of type 2,4 to obtain a map in Kp, 
as follows. Any element a G ifi(F;Z/2) with g(a) = 1 may be realized by a circle in F 
and so any generator T a of Theorem 3.2 may be realized by a good map of type 2. Any 
a, b G Hi(F; Z/2) with g(a) = g{b) = a-b = may be realized by a pair of disjoint circles c, d 
in F. Let / be an arc connecting c to ci (its interior being disjoint from c, ci) then a regular 
neighborhood P of c U / U ci is a disc with two holes with c, ci isotopic to two of its boundary 
components. So any generator S a ^ of Theorem 3.2 may be realized by a good map of type 
4. So by Theorem 3.2 we may compose h with good maps of type 2,4 to obtain a map in 
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K F , and if dimiJ 1 (F; Z/2) > 9 then maps of type 4 are not needed. We complete the proof 
using Theorem 3.6. □ 



4. TANGENCIES AND QUADRUPLE POINTS OF REGULAR HOMOTOPIES 

For regularly homotopic immersions i,j:F—> M 3 , let P(i,j) = P(i) — P(j) and Q(i,j) = 
Q(i) —Q(j)- So P(i,j) G Z/2 (respectively Q(i,j) G Z/2) is the number mod 2 of tangency 
points (respectively quadruple points) occurring in any generic regular homotopy between i 
and j. In this section we prove the following: 

Theorem 4.1. Let F be a closed non-orientable surface. Let i : F — > IR 3 6e a stable 
immersion and let h : F F be a diffeomorphism such that i and ioh are regularly 
homotopic. Then 

P(i, i oh) = Q(i, i oh) = ^rank(/i* — Id) + e(det /i**)^ mod 2 

where h* is the map induced by h on H\(F\ Z/2), h„ is the map induced by h on H\(F\ Q) 
and for ^ q G Q, e(q) G Z/2 is or 1 according to whether q is positive or negative, 
respectively. 

For h G Af g define Q(h) = (rank(/i* — Id) + e(det /i**)) mod 2 = ^(/i*) + e(det /i**) G Z/2. 
So we must show P(i,ioh) = Q(i,ioh) = Q(h). By [N5] Proposition 7.1 we know P(i,ioh) = 
Q(i,i o h). Indeed the proof of this case appearing there, does not use any assumption on 
orientability of the surface. So it is enough to prove Q(i,i o h) = il(h). 

Let F be any closed surface and let c C F be a separating circle. Denote by F 1: F 2 the 
two subsurfaces into which c divides F. Denote by F 1 the closed surface obtained from F 
by collapsing F 2 to a point, and similarly denote by F 2 the closed surface obtained from F 
by collapsing F\ to a point. If h : F — > F is a diffeomorphism such that h(Fi) = F\ and 
h(F 2 ) = F 2 then h induces maps hk ■ F k — > F fc (/c = 1,2). As appears in [N2] Section 5.3, 
if % : F — >• M 3 is an immersion then it determines regular homotopy classes of immersions 
ik '■ F k — > M 3 , and if /i as above satisfies that i and io/i are regularly homotopic then also i k 
and ik°hk are regularly homotopic (A; = 1, 2). It is shown in [N2] Section 5.3 for orientable F, 
that for such % and h, if h is orientation preserving then Q(i, ioh) = Q(ii,iiohi)+Q(i 2 , i 2 oh 2 ) 
(G Z/2) whereas if h is orientation reversing then Q(i,ioh) = Q(ii, i\ o hi) +Q(i 2 , i 2 o h 2 ) + 1 
(G Z/2). But in fact the proof does not use the property that h itself is orientation preserving 
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or reversing, but rather the corresponding property that h\ c : c — * c is orientation preserving 
or reversing. This latter property is meaningful also for non-orientable surfaces, and indeed 
the proof works just the same for non-orientable surfaces. And so we have: 

Lemma 4.2. Let F be any closed surface. In the above setting, if h\ c : c — > c is orientation 
preserving then 

Q(i, i o h) — Q{h,ii o hi) + Q(i 2 , i 2 ° h 2 ) 
and if h\ c : c — > c is orientation reversing then 

Q(i, i o h) — Q(ii,ii o hi) + Q(i 2 , i 2 ° ^2) + 1- 

Corollary 4.3. In the above setting if h satisfies that h(x) = x for all x G F 2 then 

Q(i,io h) = Q(ii,ii o hi). 

Lemma 4.4. In the above setting if h satisfies that h(x) = x for all x G F 2 , then 

Q(h) =Q{hi). 

Proof. We first show = $(h u ). We have Hi(F; Z/2) #i(F i; Z/2) © #i(F 2 ; Z/2) 

Hi(Fi, Z/2)(BHi(F 2 ; Z/2) and under this isomorphism, h* corresponds to /i 1# ©Id. It follows 
that ij){h*) = ip(hu). 

Next we show det /i** = det foi**. Since H (F 2 ; Z/2) = 0, we have the exact sequence 

Hi(F 2 ; Q) - Hi(F; Q) - if^F, F 2 ; Q) - 0. 

Let r denote the map that h induces on Hi(F, F 2 ; Q), then since h induces the identity on 
Hi(F 2 ; Q), we have det h** = det r. But r corresponds to hi^ under the natural isomorphism 
Hi(F, F 2 ; Q) -> //^p; Q) = if^; Q). 

□ 

Now for non-orientable F let i : F — > IR 3 be an immersion and let <? 1 be the 7i-form on 
i?i(F;Z/2) determined by i, as defined in [P]. Note that the notation in [P] differs from 
ours in that H is taken there to be Z/4Z rather than (|Z)/2Z. And so the numerical value 
of g l appearing there is twice the value here, and our relation g(x + y) — g(x) + g(y) + x ■ y 
is replaced there by g(x + y) — g(x) + g(y) + 2(x ■ y). We have as in [N2] Proposition 5.2, 
for any diffeomorphism h : F — > F, i and i o h are regularly homotopic iff h G N g i . 
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Letting n = dimif 1 (F; Z/2), we will prove that Q(i,ioh) = Q(h) for all n in the following 
order: n — 1, n — 2, n > 9, and finally 3 < n < 8. Denote g = g> 1 . Since by Theorem 
3.4, ^ is a homomorphism on 0(Hi(F;7i/2), g) and so Q is a homomorphism on Af g , and 
since by [N2] Lemma 5.5 (whose proof applies to non-orientable F) h i— > i o ft,) is a 
homomorphism, it is enough to check the equality Q(i,i oh) — Q(h) for generators of Af g . 

For n — 1, F — RP 2 the projective plane. Since Af(RP 2 ) is trivial, the equality follows 
trivially. 

For n = 2, F = Kl the Klein bottle. It is shown in [L] that Af(Kl) = Z/2 © Z/2. There 
is a unique circle c in Kl up to isotopy which separates Kl into two punctured projective 
planes F 1: F 2 . We have dim H^Kl; Z/2) = 2 with unique orthonormal basis ei,e 2 where 
e fe (A; = 1,2) corresponds to the unique generator of H 1 (F k ,Z/2). With respect to this 
basis ft* e {(J?) ,(? J)} for all h e Af(Kl). On the other hand dim if i (A7 ; Q) = 1 with 
generator given by the circle c, and we have ft** e {Id, —Id} for all ft e Af(Kl). The map 
/i I— > (/i*, h**) indeed realizes the isomorphism Af(Kl) = Z/2 © Z/2. For the unique F-map 
u : Kl — > K"/, we have = Id and so u G A/" 9 and ■0(' w *) — 0. On the other hand w** = —Id 
so detw** = —1 so e(det w**) = 1 giving finally Q(u) = 1. Now we may isotope u such that 
u(Fi) = F 1 and u(F 2 ) = F 2 and in this case u\ c : c — > c is orientation reversing. Since for 

= 1,2, u k E Af(RP 2 ) which is trivial, we have by Lemma 4.2 that Q(i,i o u) — 1. So we 
have shown Q(i, i o u) = 1 = fi(-u). 

If <?(ei) 7^ ^(62) then u is the only non-trivial map in M g and so we are done. Otherwise 
g(ei) = g{e 2 ) and then Af g = Af '. By [N2] Lemma 5.8 (whose proof applies to non-orientable 
F) we may replace i by any other immersion in its regular homotopy class. Indeed we con- 
struct i as follows: F 1 will be immersed in the positive side of the yz plane, with its boundary 
c embedded in the yz plane symmetrically with respect to the z axis. The immersion of Fi 
is furthermore chosen to give the correct value for g{e\). Now the image of F 2 will be the 
punctured projective plane obtained from the image of F\ by a n rotation around the z axis, 
and so g(e 2 ) = g(ei) also has the correct value and so the new immersion i is indeed in the 
correct regular homotopy class. The symmetry of i(F) implies that there is a diffeomorphism 
v : F — > F such that 7r rotation of i(F) around the z axis is a regular homotopy between i 
and i ov. Now v* — ( 5 J ) an d so v together with the F-map u generate Af, and ^(v*) = 1. 
Since v reverses the orientation of c we have i>** = —Id and so e(deti>**) = 1. Together, 
Q(v) = 1 + 1 =0. Now the rigid rotation of i(F) which is the regular homotopy between 
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i and i o v, has no quadruple points at all, and so we get Q(i,i o v) = = fl(v), which 
completes the case n — 2. 

For n > 9 we have M g generated by good maps of type 1,2,3,5. If h G M g is of type 3, then 
h = T c for a separating circle c C F. Let c' be a circle parallel to c, dividing F into F 1; F 2 
with c C Fi. Then h(x) = x for all x G F 2 and /ii is isotopic to the identity on F\. And so 
by Corollary 4.3 and Lemma 4.4 we have Q(i,i oh) = Q{i\,i\ o hi) = = Q(hi) = Q(h). If 
h is of type 1,2, then h is T c or (Z~) 2 where (since we have already discussed good maps of 
type 3), we may assume c is a non-separating A-circle. So there is an M-circle d C F such 
that |cfld| = 1 and so a regular neighborhood Fi of cU d is a punctured Klein bottle. Since 
we have already established the theorem for n = 2 we know Q(i\,ii o hi) = Q(hi). Since 
h(x) = x for all x G F 2 = F — F 1; we have by Corollary 4.3 and Lemma 4.4, Q(i,i oh) — 
Q(ii,ii o hi) = Q(hi) = Q(h). Finally if h is of type 5, i.e. a F-map, then again there is a 
punctured Klein bottle F 1 C F with = rr for x G F — F 1 and so we are done as in the 
previous case, which completes the proof for n > 9. 

For 3 < n < 8, since F is non-orientable, h is isotopic to a map which fixes a disc 
D C F pointwise, so assume h satisfies this property. Take any closed surface F' with 
dimF\(F;Z/2) + dimtf^F'; Z/2) > 9 and construct G = F#F' where the connect sum 
operation is performed by deleting the above mentioned disc D from F, and some disc D' 
from F'. There clearly exists an immersion j : G — > 1R 3 such that j|f-d = By 
our assumption on D we can extend /i|f-_d to a diffeomorphism -u : G — > G by defining 
= x for all x E F' — D'. Denote Gi = F — D and G 2 = F' — D' then d is naturally 
identified with F and under this identification j 1 corresponds to i and ui corresponds to h. 
Since dimF' 1 (G; Z/2) > 9 our theorem is already proved for G and so by Corollary 4.3 and 
Lemma 4.4 we get Q(i,i oh) — Q(j,j o u) — Q(u) = Q(h). This completes the proof of 
Theorem 4.1. 
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